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Requirements

• Basics in linear algebra (Moore-Penrose pseudo-inverse)

• Basics in automatic control (PID controller)

• Basics in computer vision (pose estimation, epipolar geometry)
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Overview

• Introduction

• Modeling visual features (p. 13)

• Control (p. 59)

• Applications (p. 95)
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Aim of visual servoing: to realize robotics tasks (i.e. to control robot
motion) using visual data embedded in a closed-loop system.

?

s� s Control
Perception-+

Necessary steps:Selectk adequate visual featuress
to controlm dof (k ≥ m,m ≤ 6)

Determine the goals∗

Regulate the error(s − s∗) to 0

Image processing (matching and tracking
near video rate)
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Pedestrian tracking using a pan/tilt camera

Positioning/grasping task using a 6 dof robot arm
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Positioning task

ss

Fc� Fc�
s�

s�
Fc Fc

2D visual features 3D visual features

Visual features:s = s(p(t)) ⇒ ṡ = Ls v where:

• Ls = interaction matrix (similar to a jacobian matrix)

• v = (υ,ω) = instantaneous velocity (or kinematic screw)
with 3 translational and 3 rotational components
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Principle of the control law

If we want ṡ = −λ(s − s∗) (exponential decoupled decrease):

v = −λ L̂s
+

(s − s∗) with L̂s(s,p,a)

Closed-loop system:̇s = Ls v = −λ LsL̂s
+

(s − s∗)

• if LsL̂s
+

= I, perfect behavior

• if LsL̂s
+
> 0, ‖s − s∗‖ decreases

• if LsL̂s
+
< 0, ‖s − s∗‖ increases...

s s�

2D and 3D behavior directly linked by the choice ofs

(throughLs andL̂s)
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Example 1: reaching a local minimum usingL̂s
+
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Example 2: reaching the global minimum usingL̂s
+
|s=s∗
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Example 3: reaching a singularity ofLs

Example : rotation of 180◦ around the optical axis
s composed of image points coordinates Other choice

UsingL̂s
+

UsingL̂s
+
|s=s∗ UsingL̂s

+
or L̂s

+
|s=s∗

At singularity, rankLs = 2.

Perfect behavior ifs is composed of 2D straight lines parameters
(or composed of exact pose parameters)
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Main goal: select adequates for a given task

At least : selects such that rankLs = m arounds∗

and such that KerLs = S∗ (virtual linkage:
plane-to-plane, bearing, ball joint, etc.)

At most (yet a dream for 6 dof!) : selects such thatLs = I6

• one feature for each robot dof

• perfect decoupling, same behavior ofs andv

• none singularity nor local minima (global stability)

• ideal condition number

• control of a linear system
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⇒ 1) Modeling issues

⊲ Basics

⊲ 2D visual features (p. 19)

⊲ 3D visual features (p. 48)

⊲ Omni-directional vision sensor, vision + structured light(p. 54)

2) Control issues (p. 59)

⊲ Control of visual tasks (p. 59)

⊲ Classification of the visual tasks (p. 79)

⊲ Hybrid tasks (p. 86)

3) Applications (p. 95)
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Change of frames

posep ∈ SE3

FcC

OcMo Fo

Xc = cRo Xo + cto

Xc : coordinates ofX in Fc
Xo : coordinates ofX in Fo
cto : position ofO in Fc
cRo : rotation matrix betweenFc andFo

R = cos θ I3 + sin θ [u]× + (1 − cos θ) uu⊤

u : rotation axis (‖u‖ = 1) θ : rotation angle aroundu

[u]× : skew symetric matrix related tou : [u]× =




0 −uz uy
uz 0 −ux
−uy ux 0



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Kinematic screw (instantaneous velocity)

v = (υ,ω) : kinematic screw between the camera and the scene
expressed atC in Fc

ω : rotational velocity : [ω]× = oR⊤
c
oṘc = −oṘ⊤

c
oRc

υ : translational velocity atC : υ(O) = υ(C) + [ω]× CO

To expressv atO in Fo : ov = oVc v with oVc =

[
oRc [otc]×oRc

03
oRc

]

We can decomposev asv = vc − vo

where vc : camera kinematic screw, expressed atC in Fc
vo : object kinematic screw, expressed atC in Fc
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The interaction matrix

A sets of k visual features is given by a function fromSE3 to R
k :

s = s(p(t))

wherep(t) is the pose between the camera and the scene.
We get

ṡ =
∂s

∂p
ṗ = Ls v

whereLs is theinteraction matrix related tos
(Jacobian∂s∂p ≈ Ls sincev = Mp ṗ with Mp ≈ I6)

Usingvc andvo, we obtain :

ṡ = Ls (vc − vo)



p. 17

Robot Jacobian

Geometry of a robot arm defined by
kinematics equations :p(t) = f(q(t))

q : joint positions (q ∈ R
n)

p ∼ ∅Mn : end-effector pose (p ∈ SE3) F;
Fn

qjqi
;Mn

End-effector kinematic screw given by :

vn = nJn(q) q̇ wherenJn(q) = Mp
∂p
∂q is the robot jacobian

For velocity control, one computesq̇∗ = nJn(q
∗)−1 v∗n

Robot singularities ={qs,det(nJn(qs)) = 0}
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Eye-in-Hand system Eye-to-Hand system

ṡ = Ls
cVn

nJn(q) q̇ +
∂s

∂t
ṡ = −Ls

cVn
nJn(q) q̇ +

∂s

∂t

= −Ls
cV∅

∅Vn
nJn(q) q̇ +

∂s

∂t
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• Modeling issues

⊲ Basics

⇒ 2D visual features

⊲ 3D visual features

⊲ Omni-directional vision sensor, vision + structured light
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2D visual features: image point coordinates

Perspective projection :x = (x, y)

x = X/Z , y = Y/Z

⇒
{
ẋ = [ 1/Z 0 −X/Z2 ] Ẋ

ẏ = [ 0 1/Z −Y/Z2 ] Ẋ

x

x
~X

XC
~Y ~Z

Using a mobile camera and a fixed point:

Ẋ = υ(X) = −υ(C) − [ω]×CX =
[
−I3 [X]×

]
v

We obtain:

ẋ = Lx v whereLx =

[
−1/Z 0 x/Z xy −(1 + x2) y

0 −1/Z y/Z 1 + y2 −xy −x

]



p. 21

2D visual features: image point coordinates

Whenx = y = 0 (principal point):

Lx =

[
−1/Z 0 0 0 −1 0

0 −1/Z 0 1 0 0

]

A single point is adequate to controlυx or ωy andυy or ωx

Using several points (at least 3) allows to control the 6 dof.

s =




x1
...

xn


 ⇒ Lx =




Lx1
...

Lxn




Be careful to singularities in the interaction matrix(⇒ n ≥ 4)
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Image point expressed in pixels

x = ( x , y ) = image point coordinates expressed in meters
xp = ( xp, yp ) = image point coordinates expressed in pixels

xp = xc + fx x , yp = yc + fy y

wherexc = (xc, yc) = principal point
andfx, fy = ratio between focal lengthf and pixel size.

⇒ Lxp =

[
fx 0

0 fy

]
Lx

=

[
fx 0

0 fy

] [
−1/Z 0 x/Z xy −(1 + x2) y

0 −1/Z y/Z 1 + y2 −xy −x

]

wherex = (xp − xc)/fx , y = (yp − yc)/fy

Useful for stability analysis wrt. calibration errors
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Image point expressed in pixels

when focal length is an available supplementary dof

xp = xc +
f

lx
x , yp = yc +

f

ly
y

[
ẋp
ẏp

]
= Lxp v +

[
x/lx
y/ly

]
ḟ = Lxp v +

[
(xp − xc)/f

(yp − yc)/f

]
ḟ

=

[
fx 0

0 fy

][
−1/Z 0 x/Z xy −(1 + x2) y x/f

0 −1/Z y/Z 1 + y2 −xy −x y/f

][
v

ḟ

]

Useful redundancy wrt. motion along the optical axisυz
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Image point in cylindrical coordinates [Iwatsuki 02]

Use of(ρ, θ) for an image points instead of(x, y):

ρ =

√
x2 + y2 , θ = arctan

y

x

�
x

�

Corresponding interaction matrix:

Lρ = [ − cos θ
Z

− sin θ
Z

ρ
Z (1 + ρ2) sin θ −(1 + ρ2) cos θ 0 ]

Lθ = [ sin θ
ρZ

− cos θ
ρZ 0 cos θ

ρ
sin θ
ρ −1 ]

Better decoupling betweenυz andωz

Be careful for the principal point (x = y = ρ = 0, θ undefined)
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Image point for a stereovision system

ẋl = Lxl vl

ẋr = Lxr vr

⇒
[

ẋl
ẋr

]
= Lxlxr vc

whereLxlxr =

[
Lxl

lVc

Lxr
rVc

] Dcr
cr xr

epipolar planeX �r

Cl
xl�l

cl Dcl

Cr

Lxlxr is of rank 3 because of the epipolar constraint

• Generalization to multi-cameras systems immediate
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2D visual features: geometrical primitives

Po : configuration of anobject feature parameterized byPo

pi = π(Po) : configuration of animage feature parameterized bypi

NotingPo = ϕ(Po) andpi = ψ(pi), we get

pi = ν(Po) = ψ ◦ π ◦ ϕ−1(Po)

We also havePo = ϕ ◦ δ(p) ⇒ pi = ψ ◦ π ◦ δ(p) = ν ◦ ϕ ◦ δ(p)

W ⊆ SE3 −→ U ⊆ Po −→ V ⊆ Pi

(p) δ (Po) π (pi)y
ϕ

y
ψ

R
n −→ R

m −→ R
k

(Po) ν = ψ ◦ π ◦ ϕ−1 (pi) σ (s)

Finally s = σ(pi) ⇒ Ls = ∂s
∂pi

∂pi
∂Po

LPo
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2D visual features: case of a segment

s =




xm
ym
l

α


 with





xm = (x1 + x2)/2

ym = (y1 + y2)/2

l =
√

(x1 − x2)2 + (y1 − y2)2

α = arctan(y1 − y2)/(x1 − x2)

x1
l xm � x2




Lxm
Lym
Ll
Lα


 =




1/2 0 1/2 0

0 1/2 0 1/2

∆x/l ∆y/l −∆x/l −∆y/l

−∆x/l2 ∆x/l2 ∆y/l2 −∆x/l2







Lx1

Ly1

Lx2

Ly2




with ∆x = x1 − x2 and∆y = y1 − y2.

Using

{
x1 = xm + l cosα/2, y1 = ym + l sinα/2

x2 = xm − l cosα/2, y2 = ym − l sinα/2
, we getLs(s, Z1, Z2).
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2D visual features: case of a segment

Lxm = [ −1/Zm 0 xm/Zm+Dǫx xmwx −1 − xmwy ym ]

Lym = [ 0 −1/Zm ym/Zm+Dǫy 1 + ymwx ymwy −xm ]

Ll = [ −Dc −Ds l/Zm+Dǫl lwx lwy 0 ]

Lα = [ Ds/l −Dc/l Dǫα αwx αwy −1 ]

with 1/Zm = (1/Z1 + 1/Z2)/2 andD = 1/Z1 − 1/Z2

Nice triangular form for a segment parallel to the image plane (D = 0)

Exercise: Better parameterization:s = (xm/l, ym/l, 1/l, α)
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Modeling a geometrical primitivelimbs

h(X;Y; Z; P1; :::; Pn) = 0C g(x; y; p1; :::pm) = 0
1=Z = �(x; y; P1; :::; Pl)Limb surface

3D primitive : h(X,Po) = 0

2D primitive : g(x,pi) = 0

Limb surface :⇒ 1/Z = µ(x,Po)
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2D visual features : case of the sphere

3D primitive : h(X,Po) = (X−X0)
2+(Y −Y0)

2+(Z−Z0)
2−R2 = 0

x = X/Z , y = Y/Z ⇒ K 1
Z2 − 2(X0x+Y0y+Z0)

1
Z +x2 + y2 + 1 = 0

�C

∆ = 0 ⇒ 1
Z = µ(x,Po) = X0

K x + Y0
Ky + Z0

K (eq. of a 3D plane)

∆ = 0 ⇔ (X0x + Y0y + Z0)
2 −K(x2 + y2 + 1) = 0

⇔ g(x,pi) = x2 + a1y
2 + 2a2xy + 2a3x + 2a4y + a5 = 0

Image of a sphere = ellipse (circle ifX0 = Y0 = 0)
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Direct computation of the interaction matrix

Lpi
=
∂pi

∂Po
LPo





a1 = (R2 −X2

0
− Z2

0
)/(R2 − Y 2

0
− Z2

0
)

a2 = X0Y0/(R
2 − Y 2

0
− Z2

0
)

...

⇒ ∂pi

∂Po

:





ȧ1 = (−2X0Ẋ0 − 2Z0Ż0)/(R
2 − Y 2

0
− Y 2

0
) − ...

ȧ2 = ...

...

LPo
: Ẋ0 =



Ẋ0

Ẏ0

Ż0


 =

[
−I3 [X0]×

]
v ⇒ LPo

=
[
−I3 [X0]×

]

We always have rankLpi
= rankLPo

= 3

Results inLpi
are function of 3D dataPo = (X0, Y0, Z0, R)



p. 32

Other (better) method

g(x,pi) = 0 ⇒ ġ(x,pi) = 0 ⇔ ∂g

∂pi
(x,pi) ṗi = −∂g

∂x
(x,pi) ẋ , ∀x ∈ pi

We haveẋ = Lxy(x, 1/Z) v = Lxy(x,Po) v

⇒ ∂g

∂pi
(x,pi) ṗi = −∂g

∂x
(x,pi) Lxy(x,Po) v , ∀x ∈ pi

If dim(pi) = dim(pi) = m, usingm points ofpi,
we obtain am×m linear system:

Lpi
(pi,Po) =

[
α1(pi)

...

αm(pi)

]−1 [
β1(pi,Po)

...

βm(pi,Po)

]
with





αi(pi) = ∂g
∂pi

(xi,pi), i = 1 tom

βi(pi,Po) = −∂g
∂x(xi,pi)Lxy(xi,Po),

i = 1 tom
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2D visual features : case of straight lines

h(X,Po) =

{
h1 = A1X +B1Y + C1Z = 0

h2 = A2X +B2Y + C2Z +D2 = 0

We obtain :

• function 1
Z = µ(x,Po) from h2 : 1/Z = Ax + By + C

with A = −A2/D2, B = −B2/D2, C = −C2/D2

• 2D straight lineD : A1x + B1y + C1 = 0

Minimal parameterizationpi = (ρ, θ)

g(x,pi) = x cos θ + y sin θ − ρ = 0

with θ = arctan (B1/A1)

andρ = −C1/
√
A2

1 + B2
1.

~y
��

� < 0 � > 0
� �~y

~x~x
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Computation of the interaction matrix

ġ(x,pi) = 0 ⇒ ρ̇ + (x sin θ − y cos θ) θ̇ = ẋ cos θ + ẏ sin θ , ∀x ∈ D
Fromg(x,pi) = 0, we writex = f (y, ρ, θ) to get :

(−θ̇/ cos θ) y+(ρ̇+ρ tan θ θ̇) = y K1(pi,Po) v+K2(pi,Po) v, ∀y∈R

We obtain

{
θ̇ = −K1(pi,Po) cos θ v

ρ̇ = (K2(pi,Po) +K1(pi,Po)ρ sin θ) v

⇒ Lρ = [ λρcθ λρsθ −λρρ (1 + ρ2)sθ −(1 + ρ2)cθ 0 ]

Lθ = [ λθcθ λθsθ −λθρ −ρcθ −ρsθ −1 ]

with λρ = −(Aρcθ +Bρsθ + C) andλθ = Bcθ − Asθ

Exercise : obtain the same result using 2 points ofD,
for example(ρ cos θ, ρ sin θ) and(ρ cos θ + sin θ, ρ sin θ − cos θ)
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2D visual features : case of a circle

h(X,Po) =

{
h1 = (X −X0)

2 + (Y − Y0)
2 + (Z − Z0)

2 − R2 = 0

h2 = α(X −X0) + β(Y − Y0) + γ(Z − Z0) = 0

Fromh2 :
1

Z
= Ax + By + C with





A = α/(αX0 + βY0 + γZ0)

B = β/(αX0 + βY0 + γZ0)

C = γ/(αX0 + βY0 + γZ0)

Usingh1 : g(x,pi) = x2 + a1y
2 + 2a2xy + 2a3x + 2a4y + a5 = 0

Image of a circle =ellipseand a circle ifa1 = 1 eta2 = 0, that is

A = B = 0 or

{
A = 2X0/(X

2
0 + Y 2

0 + Z2
0 −R2) ,

B = 2Y0/(X
2
0 + Y 2

0 + Z2
0 −R2)
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2D visual features : case of a circle

Better parameterization for ellipses :pi =
(
xg, yg, µ20, µ11, µ02

)

Centeredmoments: µij =
∫ ∫

D(t)(x− xg)
i(y − yg)

jdxdy

Lpi
is always of full rank 5, but for the centered circle

(xg = yg = µ11 = A = B = 0, µ20 = µ02 = r2) where:

Lpi
=




−1/Z0 0 0 0 −1 − r2 0

0 −1/Z0 0 1 + r2 0 0

0 0 2r2/Z0 0 0 0

0 0 0 0 0 0

0 0 2r2/Z0 0 0 0



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Summary

3D primitives 2D primitives Parameterization
point point (x, y) or (ρ, θ)

segment segment (x1, y1, x2, y2)

(xm/l, ym/l, 1/l, α)

straight line straight line (ρ, θ)

circle ellipse (xg, yg, µ20, µ11, µ02)

sphere ellipse (xg, yg, a = πr2)

cylinder 2 straight lines(ρ1, θ1, ρ2, θ2)

Ls also available for distance from a point to a straight line,
angle between two straight lines, etc.
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Moments definition

moments: mij =
∫∫
D(t) x

iyjdxdy

widely used in pattern recognition[Hu 1962]

related to intuitive features:
areaa : m00

center of gravityxg : fromm10 andm01

D(t)

object orientationα and inertial axes : fromm20,m11, andm02

skewness : fromm30 andm03

Interest in visual servoing: objects of complex or simple shape
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Computation of the interaction matrix Lmij

mij(t) =

∫∫

D(t)
f (x, y)dxdy (f (x, y) = xiyj)

C(t)D(t)

⇒ ṁij =

∮

C(t)
f (x, y) ẋ⊤n dl

Using Green’s theorem :

ṁij =

∫∫

D(t)
div[f (x, y)ẋ] dxdy

C(t + dt)C(t)

n_x
C(t) C(t + dt)

⇒ ṁij =

∫∫

D
[
∂f

∂x
ẋ +

∂f

∂y
ẏ + f (x, y)(

∂ẋ

∂x
+
∂ẏ

∂y
)]dxdy

=

∫∫

D
[ixi−1yjẋ + jxiyj−1ẏ + xiyj(

∂ẋ

∂x
+
∂ẏ

∂y
)]dxdy
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Computation of the interaction matrix Lmij

ṁij =

∫∫

D
[ixi−1yjẋ + jxiyj−1ẏ + xiyj(

∂ẋ

∂x
+
∂ẏ

∂y
)]dxdy

{
ẋ = [ −1/Z 0 x/Z xy −1 − x2 y ] v

ẏ = [ 0 −1/Z y/Z 1 + y2 −xy −x ] v

Forplanarobject: 1/Z = Ax + By + C from which we deduce:




∂ẋ
∂x = [ −A 0 (2Ax +By + C) y −2x 0 ] v

∂ẏ
∂y = [ 0 −B (Ax + 2By + C) 2y −x 0 ] v

(A = B = 0 when the object is parallel to the image plane)
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Interaction matrix for moments

Lmij =
[
mvx mvy mvz mwx mwy mwz

]

with





mvx = −i (Amij +Bmi−1,j+1 + Cmi−1,j) −Amij

mvy = −j (Ami+1,j−1 + Bmij + Cmi,j−1) −Bmij

mvz = (i + j + 3)(Ami+1,j +Bmi,j+1 + Cmij) − Cmij

mwx = (i + j + 3) mi,j+1 + j mi,j−1

mwy = −(i + j + 3) mi+1,j − i mi−1,j

mwz = i mi−1,j+1 − j mi+1,j−1

Lmij can be computed from moments of order less thani + j + 2

and from plane parametersA,B andC for translational components.
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Area, Center of gravity

Area a = m00

La=[ −aA −aB a(3/Zg−C) 3ayg −3axg 0 ]

Object cog: xg = m10/m00, yg = m01/m00

a
xg

Lxg=[ −1/Zg 0 xg/Zg+ǫ1 xgyg+4n11 −(1 + x2
g+4n20) yg ]

Lyg =[ 0 −1/Zg yg/Zg+ǫ2 1 + y2
g+4n02 −xgyg−4n11 −xg ]

(generalization of the pure point case)



1/Zg = Axg +Byg + C

ǫ1 = 4(An20 + Bn11)

ǫ2 = 4(An11 + Bn02)

nij = µij/a with





µ20 = m20 − ax2
g

µ02 = m02 − ay2
g

µ11 = m11 − axgyg
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Centered momentsµij =
∫∫
D(x− xg)

i(y − yg)
jdxdy

Lµij =
[
µvx µvy µvz µwx µwy µwz

]

µvx = µvy = 0 whenA = B = 0

Object orientation α = 1
2 arctan ( 2µ11

µ20−µ02
)

Lα =
[
αvx αvy αvz αwx αwy −1

]
���������������
���������������
���������������
���������������
���������������
���������������
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���������������
���������������
���������������
���������������
���������������
���������������
���������������

�xg





αvx = αvy = αvz = 0 whenA = B = 0

αwx = 0 whenxg = yg = 0 andµ03 = µ12 = µ21 = 0

αwy = 0 whenxg = yg = 0 andµ30 = µ21 = µ12 = 0
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Cooking moments

• Normalization ofs = (xg, yg, a):

sn = (xn, yn, an) with an = 1/
√
a, xn = xg/

√
a, yn = yg/

√
a

⇒ L
‖
xn =



−κ 0 0 anǫ11 −an(1 + ǫ12) yn
0 −κ 0 an(1 + ǫ21) −anǫ11 −xn
0 0 −κ −3yn/2 3xn/2 0


 (A=B=0)

Pure image-based, but so near from position-based...
• Moment invariants: some combinations of moments are invariant to
2D translations, scale, and 2D rotation, so that by selecting adequately
two of such combinationsri andrj:

L
‖
rirj =

[
0 0 0 riwx riwy 0

0 0 0 rjwx rjwy 0

]
(A=B=0)
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Interest of cooking visual features

Using the coordinates of 4 points fors

(condLs ≈ 180)
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Other approach: direct numerical estimation

UsingN measurements ofvc and correspondinġs arounds∗

• Off-line learning ofLs:
With 1 measurement,Ls vc = ṡ : k equations andk × 6 unknowns
With N (≥ 6), Ls A = B whereA ∈ R

6×N andB ∈ R
k×N

⇒ L̂s = BA+

• Off-line learning ofL+
s (better method):

With 1 measurement,L+
s ṡ = vc : 6 equations and6 × k unknowns

With N (≥ k), L+
s B = A ⇒ L̂+

s = AB+

• Other methods: neural networks,...

Methods valid locally arounds∗ only sinceLs is not constant.
Stability impossible to demonstrate
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Other approach: direct numerical estimation

On-line iterative estimation (based on Broyden update):

L̂s(t + 1) = L̂s(t) +
α

vc
⊤vc

(
ṡ− L̂s(t)vc

)
vc

⊤

Be careful to initial valuêLs(t0)

Stability impossible to demonstrate
May be useful for unknown complex objects or unmodeled systems



p. 48

• Modeling issues

⊲ Basics

⊲ 2D visual features

⇒ 3D visual features

⊲ Omni-directional vision sensor, vision + structured light
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3D visual features with one camera

Based on pose estimation̂p(t) fromFc to Fo using

• an image of the object:x(t)

• the knowledge of the object 3D CAD model:X

• an estimation of the camera intrinsic parameters:xc, yc, fx, fy

p̂(t) = p̂(x(t),X, xc, yc, fx, fy)

Pose estimation problem∼ camera calibration problem
(intrinsic camera parameters already known)
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3D visual features with one camera

Estimated posêp(t) = p̂(x(t),X, xc, yc, fx, fy)

⇒ ˙̂p(t) =
∂p̂

∂x
ẋ =

∂p̂

∂x
Lx v ⇒ Lp̂ =

∂p̂

∂x
Lx

whereLx is known but∂p̂∂x is unknown (and sometimes unstable)
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3D visual features
Under the strong hypothesis that 3D estimation is perfect:

∂p̂

∂p
= I6 ⇒ ˙̂p = ṗ = Mpv

• parametersθu that represent rotationc
∗
Rc

Lθu =
[
03 Lω

]
whereLω = I3 +

θ

2
[u]× + (1 − sincθ

sinc2θ2
) [u]2×

• parametersθu that represent rotationcRc∗

Lθu =
[
03 Lω

]
whereLω = −I3 +

θ

2
[u]× − (1 − sincθ

sinc2θ2
) [u]2×

In both cases,Lω such thatLωθu = L−1
ω θu = ±θu

• coordinates of a 3D pointX : Ẋ = −υ−[ω]×X ⇒ LX =
[
−I3 [X]×

]
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3D visual features for an eye-in-hand system

Fo
Fn Fc Fc�XF;

;tc c�tc
cto

Lcto = [ −I3 [cto]× ] Lotc = [ oRc 03 ]

L∅tc
= [ ∅Rc 03 ] Lc∗tc

= [ c
∗
Rc 03 ]
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3D visual features for an eye-to-hand system

X
cto

;to Fo

Fc
F; Fn

Lcto
cVo =

[
−cRo 03

] ∅ṫo =
[
I3 03

] ∅vo
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• Modeling issues

⊲ Basics

⊲ 2D visual features

⊲ 3D visual features

⇒ Omni-directional vision sensor, vision + structured light
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Modeling for omnidirectionnal vision [Nayar 01]

Single viewpoint systems

xo = X
ηZ+ξ

√
X2+Y 2+Z2

(x = X
Z )

yo = Y
ηZ+ξ

√
X2+Y 2+Z2

(y = Y
Z )

- η=1, ξ=1 : parabolic mirror
- η=1, ξ=ξ1 : planar mirror
- η=1, ξ=ξ2 : hyperbolic mirror
- η=1, ξ=0 : perspective projection
- η=0, ξ=1 : spherical projection

plan image

Oc

O

~zc

~xc

~yc

~yo

~xo

Mo = (xo, yo)T

M = (X, Y, Z)T

Q = 1

ρ
(X, Y, Z)T~Z

~X

~Y
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Interaction matrix for a point

Using perspective projection:

Lxy =

[
−1/Z 0 x/Z xy −1 − x2 y

0 −1/Z y/Z 1 + y2 −xy −x

]

Using omnidirectionnal vision [Barreto 2002]:

Lxoyo =


 −1

ρ

(
ηγ−ξ
ν − ξx2

o

)
ξxoyo
ρ

xoγ
ρ ηxoyo −η−ξγ

ν − ηx2

o yo
ξxoyo
ρ −1

ρ

(
ηγ−ξ
ν − ξy2

o

)
yoγ
ρ

η−ξγ
ν + ηy2

o −ηxoyo −xo




with ν = η2 − ξ2, ρ =
√
X2 + Y 2 + Z2 andγ =

√
1 + ν(x2

o + y2
o).

• For a parabolic mirror:

η = 1, ξ = 1, ν = 0, γ = 1, ηγ−ξν =
1+x2

o+y
2
o

2 , η−ξγν =
1−x2

o−y2
o

2

For the image of a straight line, i.e. an ellipse, see [Mezouar, IROS 04]
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Modeling for spherical projection (η=0, ξ=1)

• can be used from a perspective sensor or an omnidirectional sensor

xs = X/ρ with ρ =
√
X2 + Y 2 + Z2 x

xs
X

Lxs =



−1
ρ

(
1 − x2

s

) xsys
ρ

xszs
ρ 0 −zs ys

xsys
ρ −1

ρ

(
1 − y2

s

) yszs
ρ zs 0 −xs

xszs
ρ

yszs
ρ −1

ρ

(
1 − z2

s

)
−ys xs 0




Passivity property (‖ẋs‖ independent ofω) [Hamel-Mahony 02]
Invariance property: for instanceLas =

[
ax ay az 0 0 0

]
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Modeling for coupling vision and structured light

• Structured ligth rigidly linked to the object:

- no change at all in the modeling

• Structured ligth rigidly linked to the camera:

- Points, straight lines, ellipses, see [Motyl 92]

- Points revisited, see [Pagès, IROS 04]
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1) Modeling issues

⇒ 2) Control issues

⊲ Control of visual tasks (m = n)

⊲ Classification of the visual tasks

⊲ Hybrid tasks (m < n)
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Control in visual servoing

Regulation of a task function:e(p(t)) = C (s(p(t)) − s∗)

Numerous solutions:

• P, PI, PID controller [Weiss 87]

• Non linear control law [Hashimoto 93, Reyes 98]

• Optimal control (LQ, LQG) [Papanikilopoulos 93, Hashimoto96]

• Predictive controller [Gangloff 98]

• Robust controllerH∞ [Khadraoui 96]
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Visual task function

With k visual featuress, one constraintsm robot dof (m = rankLs)

• If m < n, it is possible to consider a supplementary task
(trajectory following, joint limits avoidance, etc.)

⇒ Hybrid tasks

• If m = n, all the robot dof are controlled
using thevisual task function :

e(p(t)) = C (s(p(t)) − s∗)

whereC is am× k combination matrix of full rankm.
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Control law

Sincee(p(t)) = C (s(p(t)) − s∗), we have

ė = Le vq +
∂e

∂t
where

{
vq = vc for eye-in-hand system
vq = −vo for eye-to-hand system

We obtain ideally for an exponential decrease ofe (ė = −λ e)

vq = L−1
e (−λ e − ∂e

∂t
) with Le = CLs if C is constant

SinceLe and∂e∂t are not perfectly known, one uses

vq = L̂e
−1

(−λ e − ∂̂e

∂t
)
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Stability analysis

Behavior of the closed-loop system :

ė = Le vq +
∂e

∂t
= −λ LeL̂e

−1
e − LeL̂e

−1∂̂e

∂t
+
∂e

∂t

If ∂e∂t = ∂̂e
∂t = 0, ‖e‖ always decreases (global stability) if

LeL̂e
−1

> 0

To suppress tracking errors and obtain the desired behaviorė = −λe :

L̂e = Le and
∂̂e

∂t
=
∂e

∂t
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In practice (m = n)

• If k = m, C = Im, e = s − s∗ ⇒ Le = Ls , L̂e = L̂s

vq = −λ L̂s
−1

(s − s∗) − L̂s
−1 ∂̂s

∂t
stable if Ls L̂s

−1
> 0

• If k > m, C = L̂s
+
|s=s∗ (1) orC = L̂s

+
(2) , L̂e = In,

vq = −λ e − ∂̂e

∂t
stable if :

(1) L̂s
+
|s=s∗Ls > 0 (only arounds∗)

(2) L̂s
+
Ls > 0 (only locally sinceC not constant)

If translational dof are controlled and 2D visual features are used,
an estimation̂P or P̂∗ is necessary to computêLs
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A simple casek = m = n = 2

Case of a pan-tilt camera observing a point :

s = (x, y) , s∗ = (0, 0) , C = I2

ė =

[
ẋ

ẏ

]
=

[
xy −(1 + x2)

1 + y2 −xy

] [
ωx
ωy

]

vc = −λ L̂s
−1

(s − s∗)

⇔
[
ωx
ωy

]
= − λ

1 + x2 + y2

[
y

−x

]

If no error occurs,̇s = −λ s : trajectory = straight line in the image
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Control when k = m = n = 6

C = I6 ⇒ vq = −λ L̂s
−1

(s − s∗) stable if Ls L̂s
−1

> 0

• Impossible with only 2D visual features

Using 3 points (Ls is 6 × 6)

- pose ambiguity (4 solutions)

- possible singularity ofLs
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Control when k = m = n = 6

• Possible with 3D visual features

For instance, ifs =

[
c∗tc
θu

]
,vc =

[
υ

ω

]
= −λ

[
cRc∗

c∗tc
θu

]

Advantages

- Ls block-diagonal and never singular

- Translational and rotational motions decoupled

- Camera trajectory : straight line in 3D space

Drawbacks

- No control in the image (the target may get out of the image)
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Control when k = m = n = 6 : 2 1/2 D visual servoing

Idea : Combine 2D image data and 3D data

s =




x

y

logZ

θux
θuy
θuz




}
image point
coordinates

→ rel. depth



rotation
to

realize

⇒ Ls triangular
and never singular

Advantages :

• Decoupled control scheme (image point trajectory : straight line)

• Analytical conditions for global stability possible
in presence of calibration errors

• No 3D CAD model needed, only one scalar unknown
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Results

Coarse calibration
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Coarse calibration
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Other 2 1/2 D VS scheme

s =




c∗tcx
c∗tcy
c∗tcz
x

y

θ








translation
to

realize}
image point
coordinates

→ orientation

⇒ Ls =

[
c∗Rc 03
1
ZLvω Lω

]

Advantages:

- Camera trajectory : straight line in 3D space

- Trajectory in the image of the selected point : straight line

Drawback:

Ls only block-triangular

⇒ analytical conditions for global stability difficult to obtain
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Control when k > m,m = n = 6 using 2D visual features

- Control lawvq = −λ L̂s
+
|s=s∗ (s − s∗)

stable ifL̂s
+
|s=s∗ Ls > 0 (only arounds∗)

No real control of the image trajectories

- Control lawvq = −λ L̂s
+

(s − s∗)

tries to ensurės = −λ (s − s∗)

Possible local minima

becauseC (= L̂s
+

) is not constant
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Reaching a local minimum usingL̂s
+
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Reaching the global minimum usingL̂s
+
|s=s∗
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Geometrical interpretation of the behavior obtained

Rotation of45o
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Reaching a singularity ofLs

Example : rotation of 180◦ around the optical axis
s composed of image points coordinates Other choice

UsingL̂s
+

UsingL̂s
+
|s=s∗ UsingL̂s

+
or L̂s

+
|s=s∗

At singularity, rankLs = 2.

Perfect behavior ifs is composed of 2D straight lines parameters
(or 2D moments, or 2.5D VS, or 3D VS)
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Target tracking

PI Controller

Integral term classical in Automatic Control to reduce tracking errors

If Ik is the estimation of∂e∂t at iterationk, we have :

Ik+1 = Ik + µ ek with I0 = 0

= µ
k∑

j=0

ej

Efficient to track a target at constant velocity :

Ik+1 = Ik if ek = 0
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Target tracking by estimating the target velocity

If it is possible to measure the camera velocity, we get:

∂̂e

∂t
= ̂̇e − L̂e vc

with 



L̂e = CL̂s

̂̇ek =
ek−ek−1

∆t = C
sk−sk−1

∆t

A Kalman filter may then be used.
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⇒ Control issues

⊲ Control of visual tasks (m = n)

⇒ Classification of the visual tasks

⊲ Hybrid tasks (m < n)
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Classification of the vision-based tasks

S∗ = set of motions such thatṡ = 0 : S∗ = Ker Ls

A virtual link between the camera and the scene is defined by a set of
compatible constraints :s(p(t)) − s∗ = 0

A virtual link is characterized byS∗ sinces(p(t)) − s∗ = 0 ⇒ ṡ = 0

classof the virtual link = dimensionN of S∗.

Thek constraints involved by the visual features are independent
if k = 6 −N .

If k > 6 −N , the visual features are redundant.
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Case of a point

s = (x, y)

⇒ Lxy =

[
−1/Z 0 x/Z xy −(1 + x2) y

0 −1/Z y/Z 1 + y2 −xy −x

]

⇒ S∗ =




x 0 Z(1 + x2 + y2) 0

y 0 0 Z(1 + x2 + y2)

1 0 0 0

0 x −xy 1 + x2

0 y −(1 + y2) xy

0 1 0 0




⇒ Link of class 4
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Name Class T R Geometric symbol

Rigid 0 0 0
BA

Prismatic 1 1 0
B

A

B

A

Rotary 1 0 1 B
A

B
A

Sliding pivot 2 1 1
B

A A
B

Plane-to-plane 3 2 1 A
B

Bearing 3 0 3
BA

Linear rectlinear 4 2 2 B
A

B
A

Linear annular 4 1 3 A

B
A

B

Point 5 2 3 BA
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Rigid link

S∗ = (0, 0, 0, 0, 0, 0)

Using 3 points :

Ls =




−1/Z1 0 x1/Z1 x1y1 −(1 + x2

1
) y1

0 −1/Z1 y1/Z1 1 + y2

1
−x1y1 −x1

−1/Z2 0 x2/Z2 x2y2 −(1 + x2

2
) y2

0 −1/Z2 y2/Z2 1 + y2

2
−x2y2 −x2

−1/Z3 0 x3/Z3 x3y3 −(1 + x2

3
) y3

0 −1/Z3 y3/z3 1 + y2

3
−x3y3 −x3




Isolated singularities exist

4 poses are solution of theP3Pproblem

Solution : Using at least 4 points
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Prismatic link

S∗ = (1, 0, 0, 0, 0, 0)

Using 3 (horizontal) straight lines

3D straight lines :hi(X,P) =




Y − Y ∗

i
Z∗
i
Z = 0

Z − Z∗
i = 0

, i = 1, 2, 3

2D straight lines :ρi = Y ∗
i /Z

∗
i , θi = π/2

⇒ Lρiθi =

[
0 −1/Z∗

i ρi/Z
∗
i (1 + ρ2

i ) 0 0

0 0 0 0 −ρi −1

]

With a 3 dof mobile robot(υx, υz, ωy), 1 straight line is sufficient.
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Bearing

Using a sphere with centerO = (0, 0, Z0)

⇒ Image of the sphere = centered circle

Lxc = [ −1/Zc 0 0 0 −1 − r2 0 ]

Lyc = [ 0 −1/Zc 0 1 + r2 0 0 ]

Lµ = [ 0 0 2r2/Zc 0 0 0 ]

with Zc = (Z2
0 −R2)/Z0 andr2 = R2/(Z2

0 −R2).

⇒ S∗ =




0 −z0 0

z0 0 0

0 0 0

1 0 0

0 1 0

0 0 1



|Fc

=




0 0 0

0 0 0

0 0 0

1 0 0

0 1 0

0 0 1



|Fo
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⇒ Control issues

⊲ Control of visual tasks (m = n)

⊲ Classification of the visual tasks

⇒ Hybrid tasks (m < n)



p. 87

Visual task function

With k visual featuress, one constraintsm (= n−N ≤ k) robot dof

using thevisual task function e1(p(t)) = C (s(p(t)) − s∗)

whereC is am× k combination matrix of full rankm.

⇒ If m < n, it is possible to consider a supplementary task
(trajectory following, joint limits avoidance, etc.).

Problem : How to combine both tasks ?

• e1 : primary task

• e2 : secondary task, expressed as a cost function to be minimized
under the constraint thate1 is satisfied.
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Global task function

A task functione minimizing the objective functionhs
under the constrainte1 = 0 is given by :

e = W+e1 + (In − W+W) g⊤s
= W+C (s − s∗) + (In − W+W) g⊤s

where :

• gs = gradient ofhs (gs = ∂hs
∂p )

• W is am× n matrix of full rankm such that

Ker W = Ker Ls

⇒ (In − W+W) g⊤s ∈ Ker Ls , ∀g⊤s
- if m = n, W = In, e = e1 = C (s − s∗)
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Control law (similar as before)

Since we have

ė = Le vq +
∂e

∂t
where

{
vq = vc for eye-in-hand system
vq = −vo for eye-to-hand system

we obtain ideally for an exponential decrease ofe (ė = −λ e)

vq = L−1
e (−λ e − ∂e

∂t
)

with Le = W+CLs + (In − W+W)
∂gTs
∂p if C andW are constant

SinceLe and ∂e1
∂t are not perfectly known, one uses

vq = L̂e
−1

(−λ e − ∂̂e

∂t
)
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Stability analysis (same as before)

Behavior of the closed-loop system :

ė = Le vq +
∂e

∂t
= −λ LeL̂e

−1
e − LeL̂e

−1∂̂e

∂t
+
∂e

∂t

If ∂e∂t = ∂̂e
∂t = 0, ‖e‖ always decreases (global stability) if

LeL̂e
−1

> 0

To suppress tracking errors and obtain the desired behaviorė = −λe :

L̂e
−1

= Le and
∂̂e

∂t
=
∂e

∂t
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In practice (similar as before)

• If k = m = n, W = C = Im , e = e1 = s−s∗ ⇒ Le = Ls, L̂e = L̂s

vq = −λ L̂s
−1

(s − s∗) − L̂s
−1 ∂̂s

∂t
stable if Ls L̂s

−1
> 0

• If k > m, C = WL̂s
+
|s=s∗ , L̂e = In,

vq = −λ e − ∂̂e
∂t stable if WL̂s

+
|s=s∗LsW

+ > 0 (only arounds∗)

If translational dof are controlled and 2D visual features are used,
an estimation̂P or P̂∗ is necessary to computêLs
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Example of secondary tasks

• Trajectory following:

for instance, constant velocity alongz camera axis

hs =
1

2
(z(t) − z(0) − vzt)

2

⇒ g⊤s =




0

0

z(t) − z(0) − vzt

0

0

0



⇒ ∂g⊤s

∂t
=




0

0

−vz
0

0

0




Control law:vq = −λ e − ∂̂e
∂t = −λ e + (In − W+W)vz
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Target tracking (same as before)

PI Controller

Integral term classical in Automatic Control to reduce tracking errors

If Ik is the estimation of∂e1
∂t at iterationk, we have :

Ik+1 = Ik + µ e1k with I0 = 0

= µ
k∑

j=0

e1j

Efficient to track a target at constant velocity :

Ik+1 = Ik if e1k = 0
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Target tracking by estimating the target velocity

If it is possible to measure the camera velocity, we get:

∂̂e1
∂t = ̂̇e1 − L̂e1 vc

with 



L̂e1 = CL̂s

̂̇e1k =
e1k−e1k−1

∆t = C
sk−sk−1

∆t

A Kalman filter may then be used.
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1) Modeling issues

2) Control issues

⇒ 3) Applications



2 

Target tracking by gaze (pan-tilt) control 
• Direct link between visual features (cog) and pan-tilt 
• No 3D data at all required in the control scheme 
• Trying to reduce the tracking errors due to the unknown target motions 
•  Image processing: image motion-based estimation 
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6 dof positioning and target tracking task 
Using a robust 3D model-based visual tracking 
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Manipulation in space environment 
ESA Vimanco project: using Eurobot on the ISS 
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Satellite rendezvous 



6 

Micromanipulation 
Assembly of MEMS compounds 

Size 400 µm x 400µm 
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IBVS with structured lights 
In collaboration with Girona University, Spain, and Cemagref, Rennes 

  Eye-in-hand system 

  Eye-to-hand system (object assumed to be planar while it is not) 

Desired image Image sequence 
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Parallel robots 



Navigation of mobile robot 
 in indoor environment 

  Use of straight line in omnidirectional images 
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Car following 



11 

Navigation in a urban environment 
Classical approach: 
•  teaching: global 3D reconstruction and accurate 3D localization (SLAM) 
•  following a specified 3D trajectory through accurate 3D localization  

Approach developed: Accurate localization and mapping not mandatory  
•  teaching: topological description of the environment with key frames 
• only local 3D reconstruction (points tracking and points transfer) 
• navigation expressed as visual features to be seen (and not successive 

poses to be reached) 
• simple IBVS for navigation 
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Autonomous navigation and obstacles avoidance 
• Using a laser-range finder for obstacles localization 
• Using a pan-tilt camera to observe the visual path while avoiding 

obstacles 
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IBVS for X4-flyer positioning  
In collaboration with CEA List, I3S and ANU  
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VTOL aircraft landing  
and terrain following 

Optical flow used to estimate the ratio translational velocity/depth 
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Multi-modal visual servoing 
  Task specified on one image modality (a map for instance) 

  Task realized with another image modality  

 using the mutual information between the two modalities 
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IBVS for fixed wing aircraft landing  

In collaboration with Dassault Aviation (Paris) 



17 

Task sequencing (catching a ball) 
  Idea: to give as much freedom as possible to take constraints (joint limits, 

occlusions, obstacles) into account 
  Scheme more reactive than reactive path planning 
  Scheme more versatile than classical visual servoing 

  Visual elementary task managed by a stack  
  Remove the good task for ensuring the constraints 
  Put the task back when possible 

Application to a humanoid robot  
(in collaboration with AIST/CNRS, Tsukuba) 
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Medical robotics 
Visual servoing for laparoscopic surgery  

Goals:  Development of semi-autonomous control modes using visual servoing to help the 
 surgical gesture. 

optic Surgical robot 

laser 
point 

trocar 2 

trocar 1 

organ 

instrument  
with laser 

camera 

Autonomous tasks: 
  Automatic retrieving of surgical instruments which are out of the field of view. 
  Automatic 3-D positioning of surgical instruments. 
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Medical robotics  
  Compensation of complex physiological motions  

  Motions of organs induced by heart beating or respiration.  
  Compensation of respiratory motions : 

  Organs tracking (liver) 
  Use of a repetitive predictive control scheme which learns the periodic 

 cycle of the perturbation motions. 

  Beating Heart Tracking : 
  Combination of  cardiac and respiratory motions.  
  Use of an adaptive filtering to estimate separate contributions of breathing 

and heartbeats.  
  Predictive control scheme which anticipates the perturbation due to an 

adaptive disturbance predictor.  
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Visual servoing with 2D ultrasound images 

Considering soft tissues and 2D moments as visual features 
Modeling revisited:  

–  Complete observation available in the probe plane 
–  No observation at all outside the probe plane 

Potential clinical applications in medical robotics:  
•  image stabilization for diagnosis 
• biopsies and therapy procedures: needle insertion 



Computer animation 

  Control of camera motion in virtual environments 
  Task specification in the image  
  Obstacles avoidance thanks to redundancy framework 

  Control of synthetic humanoids 
  Gaze control of a humanoid 
  Locomotion control 

  Applications: video games, films,... 

Museum visit 

Cinematographic 
constraints (dialog) 




