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Leonhard Paul Euler

Euler’s Rotation Theorem (1776)

“When a sphere is moved around its
centre it is always posible to find a 
diameter whose direction in the 
displaced position is the same as in the 
intial position” 
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Olinde Rodrigues

• Euler-Rodrigues Formula:

• 𝑞0 = cos
𝜃

2

• 𝑞1 = 𝑒𝑥 cos
𝜃

2

• 𝑞2 = 𝑒𝑦 cos
𝜃

2

• 𝑞3 = 𝑒𝑧 cos
𝜃

2

• 𝒒 = 𝑞0 + 𝑞1  𝑖 + 𝑞2  𝑗 + 𝑞3  𝑘

• With 𝑒 = 𝑒𝑥 , 𝑒𝑦 , 𝑒𝑧
𝑇
=

 𝜃

|| 𝜃||
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• Quaternions belong to the space ℍ:
• 𝒒 ∈ ℍ;  𝑞 ∈ ℝ3; 𝑞0 ∈ ℝ , then

• 𝒒 = 𝑞0 +  𝑞 = 𝑞0 +

𝑞1
𝑞2
𝑞3

• Some operations with quaternions:
• 𝒒, 𝒓 ∈ ℍ
• 𝒒⊗ 𝒓 = 𝑞0𝑟0 −  𝑞 ⋅  𝑟 + (𝑟0  𝑞 + 𝑞0  𝑟 +  𝑞 ×  𝑟)

• 𝒒 = 𝒒⊗ 𝒒∗ = 𝑞0
2 + 𝑞1

2 + 𝑞2
2 + 𝑞3

2

• 𝒒−1 =
𝒒∗

𝒒

• ln 𝒒 =  
ln 𝒒 +

 𝑞

 𝑞
cos−1

𝑞0

𝒒
,  𝑞 ≠ 0

ln 𝒒 ,  𝑞 = 0
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• Quaternion derivative:

•  𝒒 =
1

2
𝒒⊗𝜔

• Quaternion Rotation:
• A 3D vector can be rotated from one reference frame to 

another:

• 𝒒 = 1; 𝑣, 𝑣′ ∈ ℝ3

• 𝑣 is considered to be in the inertial frame
• 𝑣′ is  in the body’s reference.

• 𝑣′ = 𝐿 𝒒, 𝑣 = 𝒒∗ ⊗𝑣⊗ 𝒒
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• Quadrotor Classical model:
• Translational dynamics:

𝑚  𝑝 = 𝐹𝑡ℎ

−sin 𝜃
cos 𝜃 sin𝜙
cos 𝜃 cos𝜙

+
0
0
𝑚𝑔

• Rotational dynamics:
 𝜓
 𝜃
 𝜙

=

𝜏𝜓
𝜏𝜃
𝜏𝜓

𝑝,  𝑝 ∈ ℝ3, 𝐹𝑡ℎ ∈ ℝ, 𝑔 = −9,81 𝑚/𝑠2

 Non-linear
 Linearization

involves
 Singularities
 Small-angles 

considerations
 Discontinuities
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• Quadrotor quaternion dynamic model:

𝑑

𝑑𝑡

𝑝
 𝑝
𝒒
𝜔

=

 𝑝

𝒒⊗
𝐹𝑡ℎ𝑏

𝑚
⊗ 𝒒∗ + 𝑏𝑔

1

2
𝒒⊗𝜔

𝐽−1(𝜏 − 𝜔 × 𝐽𝜔)

,

𝑏 = 0,0,1 𝑇

• Exact linearization:

𝐹𝑢 = 𝒒⊗
𝐹𝑡ℎ𝑏

𝑚
⊗ 𝒒∗ + 𝑏𝑔, 𝜔 =

𝑑

𝑑𝑡
,  𝜃 =

𝑑

𝑑𝑡
2 ln𝒒 ,

𝜏𝑢 = 𝐽−1(𝜏 − 𝜔 × 𝐽𝜔)
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• Computing a desired attitude trajectory:

𝑞𝑑 =
𝑏 ⋅ 𝐹𝑢 + 𝐹𝑢 + 𝑏 × 𝐹𝑢
𝑏 ⋅ 𝐹𝑢 + 𝐹𝑢 + 𝑏 × 𝐹𝑢

, 𝐹𝑡ℎ = 𝐹𝑢

• Linearized equivalent model

𝑑

𝑑𝑡

𝑝
 𝑝
 𝜃

𝜔

=

 𝑝
𝐹𝑢
𝜔
𝜏𝑢

 Linear
 Simple
Cascade Integrator
No Singularities
No discontinuities
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Current Results:

• Aggressive maneuvers

• Resistance to large disturbances

• Quadrotor Aerial Manipulator

• Energy- based control

• Passivity-based control

• Path planning using PSO technique

• Circular trajectory tracking, following an UGV
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VIDEOS
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Future Work

• UAV-UGV cooperative navigation

• Fleet formation

• Obstacle avoidance

• More aggressive maneuvers 


