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Introduction
The extended Kalman filter (EKF) has been the most
widespread tool for sensor fusion since the 1960s for
navigation.

Symmetries for estimation and navigation: To cite a few:
• Symmetry-preserving observers (on Lie groups). S.

Bonnabel, P. Martin and P. Rouchon. 2007-2008.
• A nonlinear observer approach for concurrent estimation of

pose, IMU bias and camera-to-IMU rotation. GG
Scandaroli, P Morin, G Silveira, 2011.

• A global exponential observer for velocity-aided attitude
estimation. Philippe Martin, Ioannis Sarras, Minh-Duc Hua,
Tarek Hamel. 2016.

Reference paper for attitude estimation: Nonlinear
Complementary Filters on the Special Orthogonal Group R.
Mahony, Tarek Hamel, Jean-Michel Pflimlin. 2008.
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Introduction

Probabilistic approach The Invariant extended Kalman filter
(IEKF): S. Bonnabel. 2007; S. Bonnabel, P. Martin, E. Salaun,
2009.

Matrix framework: see “The invariant extended Kalman filter
as a stable observer”. A. Barrau, S. Bonnabel. 2014. 1

Convergence properties: as opposed to EKFs ! Why ???

1See also: Invariant observer design for a helicopter UAV aided inertial
navigation system, M. Barczyk, A. Lynch, 2013. || Nonlinear state estimation
using an invariant unscented kalman filter. J. P. Condomines, C. Seren, G.
Hattenberger, 2013. || Discrete extended Kalman filter on Lie groups. G.
Bourmaud, R. Megret, A. Giremus, Y. Berthoumieu. 2013.
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Main idea

(Linear) Kalman filter

System

yt − ŷt

Kalman filter Output map

Gain computation

ut

yt

x̂t

ŷt

Remark The gain computation is independent from the rest.



Extended Kalman filter

System

yt − ŷt

Extended Kalman filter Output map

Gain computation

ut

yt

x̂t

ŷt

x̂t
ut

Remark We can see the inner loop between gain and estimate.



Invariant EKF

Invariant system

χ̂t
−1ψ−1(yt)− d

Invariant extended Kalman filter

Gain computation

ut

yt

χ̂t

does not exist anymore

ut



Outline

1) Some recent industrial results

2) A simple theoretical case study to explain the results

Remark: NO equations !
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Preliminary

Graphical representation: The EKF computes an estimate X̂t
with a covariance matrix Pt . This is the confidence ellipsoid.
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Reminder: EKF equations
Consider continuous time deterministic dynamics with discrete
time measurements t0, t1, · · ·

d
dt

Xt = f (Xt ,Ut), Yn = h(Xt) + Vn

The EKF is based on a prior distribution with X̂0, P0.

Propagation step: for tn−1 < t < tn

d
dt

X̂t = f (X̂t ,Ut)
d
dt

Pt = AtPt + PtAT
t

Update step: at t = tn,

Kn = PtnHT
n

(
HnPtnHT

n + N
)−1

X̂+
tn = X̂tn + Kn(Yn − X̂tn)

P+
tn = (I − KnHn)Ptn .
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A simple terrestrial navigation problem
And the EKF does this



A simple terrestrial navigation problem

Obviously the EKF poorly handles small eigenvalues in Pt .

This talk: we consider no process noise.2

Use of symmetries as the remedy.

Namely: we use an Invariant (I)-EKF 3.

2The well-known 2003 local convergence proof of A. Krener excludes it.
3See "The invariant extended Kalman filter as a stable observer".

IEEE-TAC, 2017. Arxiv preprint, 2014
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Invariant Kalman filtering

Main difference the estimation error it linearizes is not(
θ̂ − θ

x̂t − xt

)
, where θ ∈ S1, x ∈ R2

It is the estimation error(
θ̂ − θ

R(θ)T (x̂t − xt)

)

where R(θ) =

(
cos θ − sin θ
sin θ cos θ

)
.
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Invariant Kalman filtering
Convergence: what about it ?

Figure: Position error of the EKF for GPS and perfect odometry, with
initial position known and initial heading unknown. The IEKF
initialized with a large error (40◦) even beats the EKF initialized with a
small error (5◦).
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Invariant Kalman filtering
Convergence: Does the EKF truly NOT converge ??

Figure: Extension to 1 million steps. The EKF does not converge.
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YES: for this simple problem we have proved a theorem.
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Conclusion

Simple navigation problem where the EKF does not converge
(!)

whereas the IEKF provably globally converges.

Physics of the problem: respected by an approach which
brings symmetries to bear. Key to the IEKF properties.

IEKF is 1- possesses global convergence properties ! 2-
first-order optimal in the presence of noises 3- in all respects
similar to EKF (it almost is an EKF), well known to aerospace
engineers 4- conveys an estimate of its uncertainty (matrix Pt )
5- stems from a general theory applicable to any Lie group !

Simple (limit) case actually not so far from real applications !4.

4the problem we considered serves as a simplified in flight alignment
problem, an inevitable task for industrial high precision inertial navigation.
See A. Barrau and S. Bonnabel. Alignment method for an inertial unit, 2014.
SAGEM/ARMINES. EP 2014/075439, WO/2015/075248.
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